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Abstract. Primordial magnetic field (PMF) is one of the feasible candidates to explain
observed large-scale magnetic fields, for example, intergalactic magnetic fields. We present a
new mechanism that brings us information about PMFs on small scales based on the abun-
dance of primordial black holes (PBHs). The anisotropic stress of the PMFs can act as a
source of the super-horizon curvature perturbation in the early universe. If the amplitude of
PMFs is sufficiently large, the resultant density perturbation also has a large amplitude, and
thereby, the PBH abundance is enhanced. Since the anisotropic stress of the PMFs is consist
of the square of the magnetic fields, the statistics of the density perturbation follows the
non-Gaussian distribution. Assuming Gaussian distributions and delta-function type power
spectrum for PMFs, based on a Monte-Carlo method, we obtain an approximate probability
density function of the density perturbation, and it is an important piece to relate the ampli-
tude of PMFs with the abundance of PBHs. Finally, we place the strongest constraint on the
amplitude of PMFs as a few hundred nano-Gauss on 102 Mpc−1 ≤ k ≤ 1018 Mpc−1 where
the typical cosmological observations never reach.
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1 Introduction
Magnetic fields are ubiquitous in the Universe. Recent observations of high-energy TeV pho-
tons emitted by distant blazars imply the existence of large-scale magnetic fields, especially,
the intergalactic and/or void magnetic fields (see e.g., Refs. [1–6] and references therein).
Through these observations, for example, Ref. [1] reported the lower bound on intergalactic
magnetic fields as 3× 10−16 Gauss with their coherent length, λB & 0.1 Mpc (at scales below
0.1 Mpc, the lower bound gets stronger as proportional to λ−1/2B ). While the lower bounds
based on the above observations depend on the coherent length of magnetic fields, it has
been recognized that the evidences of large-scale magnetic fields are supported. Although the
origin of the intergalactic magnetic fields has not been revealed yet, a bunch of theories on
the generation of large-scale magnetic fields are proposed (see e.g., Refs. [7–9] for reviews).
The generation mechanism of magnetic fields are classified into two categories. One is
the astrophysical scenario, which is driven by the dynamics of the astrophysical objects (e.g.,
Refs. [10–13]). This scenario seems to work well for small-scale magnetic fields, below galactic
scales. However it would be difficult to explain large-scale magnetic fields such as magnetic
fields in galaxy clusters and large-scale filaments, because of the limited both length and
time scales for the generation mechanism. Another scenario for large-scale magnetic fields is
the primordial origin in which the seed field, namely, primordial magnetic fields (PMFs), is
generated in the early universe, especially before the epoch of cosmic recombination. Since
the generation mechanism owes to cosmological phenomena, the resultant PMFs could be
on cosmological scales. Therefore, the PMF scenario is attractive for the origin of observed
large-scale magnetic fields. In addition, interestingly, observed intergalactic (void) magnetic
fields might be considered as the direct evidence of PMFs. The future analysis of the Faraday
Rotation Measure from Fast Radio Bursts would distinguish whether observed magnetic fields
are the initial seed origin or astrophysical origin [14, 15].
One of the most interesting scenarios for the generation of the primordial magnetic fields
is the inflationary magnetogenesis. In such a scenario, the super-horizon scale magnetic fields
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can be generated from quantum fluctuations as well as curvature perturbations or primordial
gravitational waves. Since Maxwell’s theory is invariant under the conformal transformation,
the success of inflationary magnetogenesis is required new interaction between electromagnetic
fields and any other fields which breaks a conformal invariance, e.g., Refs. [16–22]. Other
possibilities of primordial magnetogenesis have also discussed even in the post-inflation era,
e.g., based on the Harrison mechanism [23–27], or the bubble collision/turbulence in the
cosmological phase transitions [28–31]. While many authors have been tackled to construct a
magnetogenesis model, there are a few candidates for the succeeded model, e.g. Ref. [32]. To
not only distinguish models but also to obtain a hint of generation mechanism and physics
in the early universe, we need to survey the effects of PMFs on the cosmological observations
seriously.
The effects of PMFs on cosmological observations have been discussed in many works
of literature. For instance, if PMFs exist during the Big Bang Nucleosynthesis (BBN) epoch,
the abundance of the light elements is heavily modified [33–36]. The upper limit from BBN
on the present strength of PMFs is 1.5 × 103 nG [35]. PMFs can be a source of the CMB
temperature and polarization anisotropies in various ways [37–44], large-scale structure of
the Universe [45–48], and in particular, the detailed analysis of the magnetohydrodynamic
effect on CMB temperature anisotropy gives an upper limit on the amplitude of PMFs as
47 × 10−3 nG [49]. Note that the upper limit from CMB anisotropy is sensitive to PMFs at
O(Mpc) sales. PMFs release their energy via the dissipation into the CMB photons, and the
injected energy distorts the CMB spectrum [50, 51]. The upper limit from the CMB spectral
distortion is 30 nG on the dissipation scale of PMFs [52, 53]. Alternatively, the upper limit
on PMFs by using 21cm radiation has been discussed in Refs. [54–57]. Since the anisotropic
stress of PMFs induces gravitational waves, direct detection of gravitational wave background
can constrain the amplitude of PMFs on a very small scale through the Pulsar Timing Arrays
(PTAs) [58, 59]. Thus, even though the upper limit on large-scale PMFs is well established
by CMB observations, that on small-scale PMFs is still developing.
In this paper, we propose a new method to constrain relatively small-scale PMFs based
on primordial black hole (PBH) abundance. The PBH is formed through the gravitational
collapse of an overdense region in the early Universe, and such overdense region can stochas-
tically exist due to the primordial curvature fluctuations with a large amplitude [60–63]. In
particular, in the radiation-dominated Universe, such a PBH formation would occur at the
time when the size of the overdense region enters the Hubble horizon. Then, the formation
probability of PBHs, directly corresponding to the PBH abundance, depends on the statisti-
cal property of the primordial fluctuations on super-horizon scales. In particular, PBH might
be formed at a rare peak, and then the formation probability is sensitive to the tail of the
probability density function (PDF) of the primordial fluctuations. Still, there is no strong ev-
idence of the existence of PBHs, and we have only upper limits for their abundance obtained
from various observations (see e.g., Refs. [64, 65] and references therein). The observational
constraints on the PBH abundance are translated into the upper bound on the amplitude of
the primordial density fluctuations (see e.g., Ref. [66]), also with taking their non-Gaussian
property into account (see e.g., Ref. [67]).
Incidentally, the anisotropic stress of PMFs can also induce the primordial curvature
perturbation on super-horizon scales before the neutrino decoupling. When the amplitude
of PMFs is sufficiently large, the induced curvature perturbations also have large amplitude,
and subsequently, PBHs are overproduced. In principle, we can place the upper limit on the
amplitude of PMFs through the resultant abundance of PBHs. To do so, we have to carefully
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study the PDF of the primordial curvature perturbations induced by PMFs. Even if PMFs
obey the exact Gaussian statistics, the anisotropic stress of the PMFs is given by the square
of the magnetic field, and hence, the sourced curvature/density fluctuations must follow non-
Gaussian statistics. To obtain the PDF of the sourced density fluctuations, we perform the
Monte-Carlo method by following Ref. [68]. The relation between the amplitude of PMFs and
the PBH abundance is firstly investigated in the following sections.
This paper is organized as follows. In Sec. 2, we discuss the statistical properties of
the density perturbation induced by PMFs. In particular, since such density perturbations
obey highly non-Gaussian distribution, we use the Monte-Carlo method to obtain the PDF
based on Ref. [68]. In Sec. 3, we relate the PBH abundance to the amplitude of PMFs by
assuming the delta-function type power spectrum. With the current upper limit on the PBH
abundance, we give the upper limit on PMFs. Finally, we devote Sec. 4 to the summary of
this paper. Throughout the paper, we will work in units c = ~ = 1.
2 Super-horizon primordial curvature perturbations from PMFs
In this section, we discuss the statistical property of the initial density perturbations induced
by PMFs, which strongly affects the PBH abundance. In particular, the PBH abundance is
related to the probability density function (PDF) of the density fluctuations. As we will see
later, such density perturbation does not obey the Gaussian distribution, and as a result, the
resultant abundance of PBHs is non-trivial.
It is known that PMFs create two kinds of curvature perturbation; passive magnetic
mode and compensated magnetic mode. The passive mode arises on both super- and sub-
horizon scales, while the compensated mode is generated on only sub-horizon scales [41, 47].
In the PBH formation during the radiation-dominated era, the perturbation on the horizon-
crossing scale is crucial. Therefore, it is sufficient to focus on only the passive mode. In
the following section, first of all, we review the curvature perturbation generated from PMFs
during the radiation dominated era [41].
2.1 Passive curvature perturbation
Before the neutrino decoupling, the non-negligible anisotropic stress of PMFs contributes to
the total energy-momentum tensor of the Universe. Although it is compensated by arising the
anisotropic stress of neutrinos after the neutrino decoupling, the scalar part of the anisotropic
stress due to PMFs is a source of the curvature perturbation. Resultantly, the curvature
perturbation can grow between the epochs of the PMF generation and the neutrino decoupling
even on super-horizon scales. At a conformal time η during this growing regime, the super-
horizon (kη  1) curvature perturbation on comoving slice induced by the anisotropic stress
of PMFs is given in Fourier space as [41]
ζB(k, η) = −1
3
ξ(η)RγΠB(k) , (2.1)
with
ξ(η) =
log
(
η
ηB
)
+ ηB2η − 12 (ηB < η < ην)
log
(
ην
ηB
)
+
(
5
8Rν
− 1
)
(η > ην)
, (2.2)
where Ri represents an energy fraction of the i-component in the total radiation defined as
Ri ≡ ρi/
∑
ρi (i = γ (photon), ν (neutrinos)) and ην and ηB respectively represent the
– 3 –
neutrino decoupling and the PMF generation epochs in terms of the conformal time. In the
equation (2.1), ΠB represents the scalar part of the anisotropic stress of PMFs, which is
defined as
ΠB(k) =
(
kˆikˆj − 1
3
δij
)
9
8piργ,0
∫
d3k1
(2pi)3
Bi(k1)Bj(k − k1) . (2.3)
Here ργ,0 is the photon energy density at the present, and B(k) is the Fourier component of
comoving PMFs, which corresponds to the PMFs at the present epoch after evolving adiabat-
ically since the generation as proportional to ∝ a−2 with a scale factor a.
Since we suppose that B(k) is a random Gaussian field, the statistical property of the
PMF B(k) is completely given by the power spectrum
〈
Bi(k)Bj(k
′)
〉
= (2pi)3δ3D(k + k
′)
δij − kˆikˆj
2
PB(k) , (2.4)
where δ3D(k) is a Dirac delta function and PB(k) stands for a power spectrum of PMFs. In
the followings, we investigate the statistical property of the density perturbations from the
passive curvature perturbation based on Eq. (2.4).
2.2 Density perturbations and their statistical properties
The PBH formation is relevant to the density perturbation at the horizon crossing scale. On
comoving slice, up to the linear order the connection between the density perturbation and
the curvature perturbation during the radiation dominated era is given by
δB(k, η) =
4
9
(
k
aH
)2
ζB(k, η) , (2.5)
where H and a are a Hubble parameter and a scale factor at η, respectively. During the
radiation-dominated era, it can be roughly considered that PBHs are formed by the gravi-
tational collapse of overdense region soon after the size of the overdense region reenters the
horizon. Thereby, the mass of the formed PBH is characterized by the horizon scale at that
moment.
We introduce the smoothed density perturbations over the comoving radius R given by
δB(x, η;R) =
∫
d3x′ WR(|x− x′|)δB(x′, η)
=
∫
d3k
(2pi)3
W (kR)δB(k, η)e
ik·x , (2.6)
where, we use the Gaussian window function for smoothing in this paper:
W (x) = e−x
2/2 . (2.7)
Later, we will take the smoothing scale R to be the comoving horizon scale at the PBH
formation in the evaluation of the PBH abundance.
2.2.1 Mean and dispersion
In this section, let us discuss the statistical property of the smoothed density perturba-
tion given in Eq. (2.6). First, we show the mean value of the density perturbation. With
Eqs. (2.1)–(2.3), the mean value of the curvature perturbation induced by PMFs in the real
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space vanishes, 〈ζB(x)〉 = 0, and thereby, the mean of density perturbation is zero. This is
due both to the divergence free nature of magnetic fields and to the property of the projec-
tion tensor on the scalar mode. Note that this result is different from the property of the
curvature perturbation induced by the second-order primordial gravitational waves discussed
in Refs. [68, 69].
Next, we focus on the dispersion of the density perturbations. According to Eqs. (2.5)
and (2.6), in terms of the primordial curvature perturbations, the dispersion is given by1
σ2δB (R, η) =
〈
(δB(x, η;R))
2
〉
=
16
81
∫
dk
k
W 2(kR) (kη)4 PζB (k, η) , (2.8)
where we define the dimensionless power spectrum, PζB (k, η), of the curvature perturbation
as 〈
ζB(k, η)ζB(k
′, η)
〉
= (2pi)3δ3D(k + k
′)
2pi2
k3
PζB (k, η) . (2.9)
Combining Eqs. (2.1), (2.3), and (2.9), the dimensionless power spectrum of the passive
curvature perturbation is obtained as
2pi2
k3
PζB (k, η) =
1
18
ξ2(η)R2γ
(
9
8piργ,0
)2 1
(2pi)2
∫
dk1 k
2
1PB(k1)
∫ 1
−1
dµ I(k, k1, µ)PB(|k−k1|) ,
(2.10)
where µ = kˆ · kˆ1 and we define the configuration kernel as
I(k, k1, µ) = 1
9
k2(1 + µ2) + kk1(2µ− 6µ3) + k21(5− 12µ2 + 9µ4)
k2 + k21 − 2kk1µ
. (2.11)
Throughout this paper, for simplicity, we focus on the delta-function type power spectrum
for PMFs given by
PB(k) =
2pi2
k3
B2δkpδD(k − kp) . (2.12)
Then, we obtain the dispersion of the smoothed density perturbation for the delta-function
type power spectrum as
σ2δB (R, η) ≈ 1.12× 10−16ξ2(η)R2γ
( Bδ
1 nG
)4 (kpη)4
(kpR)10
×
[
(3− 12(kpR)2 + 20(kpR)4) + e−4(kpR)2(−3 + 4(kpR)4 − 16(kpR)6 − 64(kpR)8)
]
.
(2.13)
One of the crucial physical quantities for the PBH formation is the dispersion of the density
perturbations smoothed over the horizon scale, that is, R ∼ (aH)−1 = η, evaluated at the
horizon crossing time. Taking η = R in Eq. (2.13), we obtain the dispersion σ2δB (R, η = R)
1 Here, we neglect the transfer function which describes the evolution of the curvature perturbations on
sub-horizon scales. For relatively broad power spectrum, the sub-horizon modes can contribute the smoothed
density perturbations, and the transfer function should be included in the estimation of the dispersion. Fur-
thermore, the choice of the window function might affect the PBH abundance [70, 71]. However, here, as we
will show later we focus on the delta-function type power spectrum and in such a case the contribution from
the sub-horizon modes is safely neglected.
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Figure 1. Dispersion normalized by the amplitude of PMFs σ2δB (R, η = R) (Bδ/nG)
−4 given in
Eq. (2.13). The peak wavenumber is numerically obtained as kpR ≈ 0.9872.
as a function of only kpR and plot it in Fig. 1. From Fig. 1, the dispersion has a peak at
kpR ≈ 0.9872.
This fact enables us to conclude that, when the PMF has the delta-function power
spectrum with the peak wavenumber kp, PBHs are mainly produced by the corresponding
conformal time η = R ≈ 0.9872/kp, which is roughly equivalent to the horizon crossing time
for the scale k = kp. We will therefore focus on the PBH formation at only this conformal
time satisfying ηp = 0.9872/kp for different kp.
2.2.2 Probability density functions
For the Gaussian density perturbations, the PBH abundance should be determined only by the
ratio between the critical density and the dispersion of the density perturbations. However,
since the statistics of the density perturbations induced by PMFs is highly non-Gaussian, we
should discuss their PDF for the more precise estimation of the PBH abundance. We use
the Monte-Carlo method by following Ref. [68] to estimate the PDF of the smoothed density
perturbation. The details of the method are presented in Appendix. A. Based on Appendix. A,
we perform approximately 1011 realizations and obtain the PDF shown in Fig. 2. Since we
are not interested in the mathematically exact form of the PDF in order to obtain the upper
limit on PMFs, we find and use the asymptotic behavior as the black dashed line in Fig. 2,
which is given by a linear in log-space as PMC(x = δB/B2δ ) ∝ ea|x| for 0  |x|. We use this
asymptotic fitting function on 0  |x|. On the other hand, the intermediate part, x ≈ 0, is
interpolated by using the central value of the numerical realization.
For comparison, we plot the Gaussian distribution with the same dispersion σ ≈ 1.06×
10−6 as in Eq. (2.13) in the gray line. The effect of the non-Gaussian effect appears on the
tail part in both the overdensity and underdensity side.
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Figure 2. Probability density functions obtained by nearly 1011 realizations. Just for information,
we show the error bars which corresponds to the 1σ Poisson error. The gray line is a Gaussian PDF
with the same dispersion.
3 Results
In this section, following the previous section we evaluate the PBH abundance, and based on
the result, we show our main results of the upper limit on PMFs.
3.1 Abundance of PBHs
For the PDF of the density field P (δ), the fraction of the energy density collapsing into PBHs
with M at the formation time can be estimated as
β(M) =
∫ ∞
δc
dδ P (δ) , (3.1)
where we use the critical value δc = 0.4 following Refs. [72–75]. The mass of PBHs are related
to the horizon mass at the formation time as (e.g. Ref. [76])
M = γρ
4piH−3
3
∣∣∣∣
η=ηM
'
( γ
0.2
)( g∗
10.75
)−1/6( 1
ηM1.9× 106 Mpc−1
)−2
M , (3.2)
where ηM is the formation time of the PBH with mass M , and g∗ and γ are an effective
degrees of freedom for energy density and a numerical factor which links the formed PBH
mass with the horizon mass, respectively.
As already discussed in the previous section, the delta-function type power spectrum
with the peak wavenumber kp produce PBHs most effectively at ηp. The corresponding mass
of those PBHs are obtained by substituting ηM = ηp = 0.987/kp into Eq. (3.2) as
Mp(kp) =
( γ
0.2
)( g∗
10.75
)−1/6( kp
1.88× 106 Mpc−1
)−2
M . (3.3)
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In the followings, we will use this mass relation for each kp. Denoting the density parameter of
PBHs with mass M over logarithmic mass interval d lnM by ΩPBH(M), the current fraction
of the total dark matter abundance in PBHs is given by (e.g. Ref. [76])
f(M) ≡ ΩPBH
ΩDM
'
( γ
0.2
)3/2( β(M)
1.84× 10−8
)( g∗
10.75
)−1/4(ΩDMh2
0.12
)−1(
M
M
)−1/2
. (3.4)
Now we obtain f(Mp) for PBHs due to the passive mode of PMFs. Substituting the
PDF obtained from the Monte-Carlo method, PMC, given in the previous section 2.2.2 into
Eq. (3.1), we obtain f(Mp) including the non-Gaussian effect of the curvature perturbations.
In Fig. 3, we show f(Mp) as a function of the amplitude of PMFs: Bδ.
To clarify the non-Gaussian effect induced by PMFs on the PBH formation, we show
f(Mp) obtained with a Gaussian PDF of the density perturbation as
PG(δ) =
1√
2piσ
e−
δ2
2σ2 . (3.5)
In the case of the Gaussian PDF, the fraction of the Universe collapsing into primordial black
holes of mass Mp is given with the complementary error function erfc(x) as
βG(M) =
∫ ∞
δc
dδ PG(δ) =
1
2
erfc
(
δc√
2σ(M)
)
, (3.6)
where we define the dispersion by using Eq. (2.8) as
σ2(Mp) = σ
2
δB
(R = ηp, ηp) . (3.7)
For comparison, we show the result with the Gaussian PDF as the dashed line in Fig. 3. Since
the non-Gaussian PDF obtained by the Monte-Carlo method has broad distribution compared
with the Gaussian PDF even for the same dispersion, the PBH abundance is strongly enhanced
than that with he Gaussian PDF. In other words, when we use the Gaussian PDF given in
Eq. (3.5) with the dispersion Eq. (3.7), the predicted abundance might be underestimated. We
find that, independently of kp, when the magnetic field amplitude is larger than Bδ ≈ 184 nG,
the PBH fraction f(Mp) exceeds unity. Therefore, we obtain the simple but robust constraint
on the delta-function type PMFs, Bδ . 184 nG for all kp.
3.2 Constraining PMFs from the PBH abundance
Currently, β(M) and/or f(M) are well constrained by a number of observations. We relate the
upper limit on the PBH abundance with mass M to that on the amplitude of PMFs with the
peak wavenumber kp which is given in terms ofM through Eq. (3.3). In this paper, we use the
observed constraint on β(M) and f(M) as follows: BBN constraint for 10−24 .MPBH/M .
10−18 [64], the evaporating effect on CMB anisotropies for 10−20 . MPBH/M . 10−18
[64], the evaporating effect of the light PBHs on the extragalactic gamma-ray for 10−19 .
MPBH/M . 10−16 [64], the femtolensing observation for 10−16 . MPBH/M . 10−14 [77],
the microlensing observations with Subaru Hyper Supreme-Cam for 10−11 . MPBH/M .
10−5 [78, 79], the microlensing observations with EROS/MACHO for 10−7 . MPBH/M .
101 [80], OGLE 5-year microlensing events for 10−6 . MPBH/M . 10−3 [79], and the
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Figure 3. The amplitude of mass spectrum f(M) for Gaussian case (blue dashed line) and non-
Gaussian PDF obtained by the Monte-Carlo method case (orange solid line) with varying the ampli-
tude of PMFs. Black dashed line represents a unity.
accretion effects on the CMB spectrum and temperature anisotropy for 102 . MPBH/M .
108 [64, 81].
We show the constraint on the amplitude of the delta-function type PMF power spectrum
in Fig. 4. Note that on the PBH mass window between 10−14 .MPBH/M . 10−11, we use
the fact that the PBH abundance does not exceed the current total dark matter abundance,
i.e., f(M) ≤ 1. For comparison, we present other current and future constraints on PMFs.
Whereas the direct detection measurements of gravitational wave background by PTAs (blue
solid and orange dashed lines) provide the stronger constraints than the ones from PBHs, these
mass ranges are very limited. Currently the PBH constraint provides the tightest constraints
on small-scale PMFs in the wide range of scales.
4 Summary
In this paper, we investigated the primordial black hole (PBH) formation from the density per-
turbation generated by primordial magnetic fields (PMFs). In the early universe, even on the
super-horizon scales, the additional curvature perturbation is generated from the anisotropic
stress of PMFs, which is called the passive mode. The large amplitude of PMFs results in
that of the curvature perturbation, or equivalently, that of the density perturbation. If such
density perturbation has sufficient amplitude to produce PBHs, we can exploit the upper
limits on the PBH abundance to constrain the amplitude of PMFs. In the standard picture
of the PBH formation, we assume that the probability density function (PDF) follows the
Gaussian statistics. However, since the source of the density perturbation is the anisotropic
stress of PMFs which is square of the magnetic field, in our case, the density perturbation
must be non-Gaussian. Therefore, we have to take into account the non-Gaussian effect for
the PBH formation.
We carefully estimated the PDF by using the Monte-Carlo method based on Ref. [68].
By assuming the delta-function type power spectrum for PMFs, we simulated the values of
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Figure 4. Upper limit on the amplitude of PMFs by using the available PBH constraints from
Refs. [64, 77–81] mentioned in the main text for mass range 10−24 . M/M . 107. Here, we
fix ηB/ην = 10−12. We also show the previous upper limits: direct detection measurements of
gravitational wave background by current and future PTAs such as SKA and eLISA [59], magnetic
reheating [82], BBN [35] and CMB distortion [52].
the density fluctuations in a thin spherical shell in the Fourier space. Thereby, we found
that the distribution of the density perturbation is a broader distribution than the Gaus-
sian distribution. According to the results of the Monte-Carlo simulation, we can relate the
amplitude of magnetic fields to the current abundance of PBHs due to PMFs, including the
non-Gaussian effect.
Finally, we found that, if the amplitude of PMFs is larger than Bδ ≈ 184 nG, the PBH
abundance exceeds unity. This upper limit is independent of the wave number of the PMF
power spectrum. We conclude that the amplitude of PMFs should not exceed this constrained
value on all scales. In addition, we used the observational upper limit on the PBH abundance
which has been constrained on a broad mass range, i.e., 10−24 . M/M . 107, and thereby
we obtained the tighter constraint. As a result, the amplitude of PMFs is constrained as a
few hundred nano-Gauss on 102 Mpc−1 ≤ k ≤ 1018 Mpc−1 shown in Fig. 4. These results
are the strongest upper limit on small scales, where other cosmological observations must be
insensitive. The results might be helpful to distinguish the origin of magnetic fields from a
number of magnetogenesis models.
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A Probability density function of δB
Since the generated density perturbation from PMFs does not follow the Gaussian statistics, in
order to discuss the PBH formation, we have to take into account the PDF of the generated
density perturbation. In this section, we obtain the PDF of the density perturbation by
following Ref. [68].
First of all, we decompose PMFs by using the polarization basis as
Bi(k) =
∑
r=+,×

(r)
i (kˆ)Br(k) , (A.1)
where we define the polarization vectors with respect to the wave vector:
kˆ =
 sin θ cosφsin θ sinφ
cos θ
 , (+)(kˆ) =
 cos θ cosφcos θ sinφ
− sin θ
 , (×)(kˆ) =
− sinφcosφ
0
 . (A.2)
Then, the polarization vectors satisfy the followings
(+)(−kˆ) = (+)(kˆ) , (×)(−kˆ) = −(×)(kˆ) , (r)(kˆ) · (s)(kˆ) = δr,s . (A.3)
In this notation, imposing the reality condition to PMFs, the Fourier modes of PMFs satisfy
the following relations:
(Br(k))
∗ = ηrBr(−k) , (η+ = +1 , η× = −1) . (A.4)
Then the density perturbation defined in Eqs. (2.1), (2.3), and (2.5) is given by
δB(k, η) =
∑
r,s=+,×
∫
d3k1
(2pi)3
Br(k1)Bs(k − k1)Grs(η,k,k1) , (A.5)
where we define
Grs(η,k,k1) =
ξRγ
6piργ,0
(
k
aH
)2(
kˆikˆj − 1
3
δij
)

(r)
i (kˆ1)
(s)
j (k̂ − k1) . (A.6)
Note that Grs(η,k,k1) satisfies
Grs(η,−k,−k1) = ηrηsGrs(η,k,k1) . (A.7)
The expression of Eq. (A.5) in real space with smoothing over the radius R is given by
δB(η,x = 0;R) =
∑
r,s=+,×
∫
d3k1
(2pi)3
∫
d3k2
(2pi)3
W (|k1 + k2|R)Br(k1)Bs(k2)Grs(η,k1 + k2,k1) .
(A.8)
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The corresponding discrete expression is given by
δB(η,x = 0;R) =
(dk)6
(2pi)6
[ ∑
r,s=+,×
∑
ki,kj∈S
W (|ki + kj |R)Br(ki)Bs(kj)Grs(η,ki + kj ,ki)
]
,
(A.9)
where S is the set of the grid points inside the spherical shell because we are focusing on the
delta-function type power spectrum given in Eq. (2.12).
Here, we decompose the Fourier component Br(k) as following:
Br(k) = ar(k) + ibr(k) , (A.10)
where ar(k) and br(k) are real Gaussian random variables, which satisfy the following condi-
tions by using Eq. (A.4) as
a+(k) = a+(−k) , b+(k) = −b+(−k) , a×(k) = −a×(−k) , b×(k) = b×(−k) . (A.11)
The dispersion of ar and br is given by
σ2 =
pi2
k3p
1

(
dk
2pi
)−3
, (A.12)
where dk = kp is the interval between two neighboring grid points and  determines the
thickness of the spherical shell. We use  = 0.05, and we check that this value gives converged
result.
Then, by performing same calculation in Ref. [68], we obtain the density fluctuation in
the discrete expression as
δB(η,x = 0;R) =
(dk)3
8pik3p
[
atMaa+ bM bb
]
, (A.13)
where a and b are the 2N dimensional vectors, and Ma/b is the 2N × 2N matrix, which are
defined as follows:
Ma/b =
(
M
a/b
++ M
a/b
+×
M
a/b
×+ M
a/b
××
)
, (A.14)
at = σ−1 (a+(k1), a+(k2), · · · , a+(kN ), a×(k1), a×(k2), · · · , a×(kN )) , (A.15)
bt = σ−1 (b+(k1), b+(k2), · · · , b+(kN ), b×(k1), b×(k2), · · · , b×(kN )) , (A.16)
and
Mars(ki,kj) = 2
(
W (|ki + kj |R)Grs(η,ki + kj ,ki) + ηsW (|ki − kj |R)Grs(η,ki − kj ,ki)
)
,
(A.17)
M brs(ki,kj) = 2
(
−W (|ki + kj |R)Grs(η,ki + kj ,ki) + ηsW (|ki − kj |R)Grs(η,ki − kj ,ki)
)
.
(A.18)
Note that N is the total number of grid points inside the spherical shell and in the current
parameter settings, 4N ≈ 104.
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Finally, we diagonalize the 4N × 4N matrix and the density perturbation is formally
written as
δB =
4N∑
i=1
aix
2
i , (A.19)
where ai are the eigenvalues of the matrix and xi are the independent Gaussian random
variables with dispersion being unity. In order to obtain the PDF of the density perturbation,
we use the Monte-Carlo method to Eq. (A.19) by diagonalizing the 4N×4N matrix Eq. (A.14).
References
[1] A. Neronov and I. Vovk, Evidence for Strong Extragalactic Magnetic Fields from Fermi
Observations of TeV Blazars, Science 328 (2010) 73 [1006.3504].
[2] F. Tavecchio, G. Ghisellini, G. Bonnoli and L. Foschini, Extreme TeV blazars and the
intergalactic magnetic field, MNRAS 414 (2011) 3566 [1009.1048].
[3] I. Vovk, A. M. Taylor, D. Semikoz and A. Neronov, Fermi/LAT Observations of 1ES
0229+200: Implications for Extragalactic Magnetic Fields and Background Light, ApJ 747
(2012) L14 [1112.2534].
[4] K. Takahashi, M. Mori, K. Ichiki, S. Inoue and H. Takami, Lower Bounds on Magnetic Fields
in Intergalactic Voids from Long-term GeV-TeV Light Curves of the Blazar Mrk 421, ApJ 771
(2013) L42 [1303.3069].
[5] Y.-P. Yang and Z.-G. Dai, Time delay and extended halo for constraints on the intergalactic
magnetic field, Research in Astronomy and Astrophysics 15 (2015) 2173.
[6] P. Veres, C. D. Dermer and K. S. Dhuga, Properties of the Intergalactic Magnetic Field
Constrained by Gamma-Ray Observations of Gamma-Ray Bursts, ApJ 847 (2017) 39
[1705.08531].
[7] R. Durrer and A. Neronov, Cosmological magnetic fields: their generation, evolution and
observation, A&A Rev. 21 (2013) 62 [1303.7121].
[8] K. Subramanian, The origin, evolution and signatures of primordial magnetic fields, Reports on
Progress in Physics 79 (2016) 076901 [1504.02311].
[9] D. Grasso and H. R. Rubinstein, Magnetic fields in the early Universe, Phys. Rep. 348 (2001)
163 [astro-ph/0009061].
[10] G. Davies and L. M. Widrow, A Possible Mechanism for Generating Galactic Magnetic Fields,
ApJ 540 (2000) 755.
[11] H. Hanayama, K. Takahashi, K. Kotake, M. Oguri, K. Ichiki and H. Ohno, Biermann
Mechanism in Primordial Supernova Remnant and Seed Magnetic Fields, ApJ 633 (2005) 941
[astro-ph/0501538].
[12] S. Naoz and R. Narayan, Generation of Primordial Magnetic Fields on Linear Overdensity
Scales, Phys. Rev. Lett. 111 (2013) 051303 [1304.5792].
[13] M. Langer, N. Aghanim and J. L. Puget, Magnetic fields from reionisation, A&A 443 (2005)
367 [astro-ph/0508173].
[14] F. Vazza, M. Brüggen, C. Gheller, S. Hackstein, D. Wittor and P. M. Hinz, Simulations of
extragalactic magnetic fields and of their observables, Classical and Quantum Gravity 34 (2017)
234001 [1711.02669].
[15] F. Vazza, M. Brüggen, P. M. Hinz, D. Wittor, N. Locatelli and C. Gheller, Probing the origin of
extragalactic magnetic fields with Fast Radio Bursts, MNRAS 480 (2018) 3907 [1805.11113].
– 13 –
[16] M. S. Turner and L. M. Widrow, Inflation-produced, large-scale magnetic fields, Phys. Rev. D
37 (1988) 2743.
[17] B. Ratra, Cosmological “Seed” Magnetic Field from Inflation, ApJ 391 (1992) L1.
[18] A. D. Dolgov, Breaking of conformal invariance and electromagnetic field generation in the
Universe, Phys. Rev. D 48 (1993) 2499 [hep-ph/9301280].
[19] K. Bamba and J. Yokoyama, Large-scale magnetic fields from inflation in dilaton
electromagnetism, Phys. Rev. D 69 (2004) 043507 [astro-ph/0310824].
[20] V. Demozzi, V. Mukhanov and H. Rubinstein, Magnetic fields from inflation?, J. Cosmology
Astropart. Phys. 2009 (2009) 025 [0907.1030].
[21] A. Kandus, K. E. Kunze and C. G. Tsagas, Primordial magnetogenesis, Phys. Rep. 505 (2011)
1 [1007.3891].
[22] C. Caprini and L. Sorbo, Adding helicity to inflationary magnetogenesis, J. Cosmology
Astropart. Phys. 2014 (2014) 056 [1407.2809].
[23] E. R. Harrison, Generation of magnetic fields in the radiation ERA, MNRAS 147 (1970) 279.
[24] K. Takahashi, K. Ichiki, H. Ohno and H. Hanayama, Magnetic Field Generation from
Cosmological Perturbations, Phys. Rev. Lett. 95 (2005) 121301 [astro-ph/0502283].
[25] E. Fenu, C. Pitrou and R. Maartens, The seed magnetic field generated during recombination,
MNRAS 414 (2011) 2354 [1012.2958].
[26] S. Saga, K. Ichiki, K. Takahashi and N. Sugiyama, Magnetic field spectrum at cosmological
recombination revisited, Phys. Rev. D 91 (2015) 123510 [1504.03790].
[27] C. Fidler, G. Pettinari and C. Pitrou, Precise numerical estimation of the magnetic field
generated around recombination, Phys. Rev. D 93 (2016) 103536 [1511.07801].
[28] T. Vachaspati, Magnetic fields from cosmological phase transitions, Physics Letters B 265
(1991) 258.
[29] G. Sigl, A. V. Olinto and K. Jedamzik, Primordial magnetic fields from cosmological first order
phase transitions, Phys. Rev. D 55 (1997) 4582 [astro-ph/9610201].
[30] A. G. Tevzadze, L. Kisslinger, A. Brand enburg and T. Kahniashvili, Magnetic Fields from
QCD Phase Transitions, ApJ 759 (2012) 54 [1207.0751].
[31] J. Ellis, M. Fairbairn, M. Lewicki, V. Vaskonen and A. Wickens, Intergalactic Magnetic Fields
from First-Order Phase Transitions, arXiv e-prints (2019) arXiv:1907.04315 [1907.04315].
[32] G. Domènech, C. Lin and M. Sasaki, Inflationary magnetogenesis with broken local U(1)
symmetry, EPL (Europhysics Letters) 115 (2016) 19001 [1512.01108].
[33] C. Caprini and R. Durrer, Gravitational wave production: A strong constraint on primordial
magnetic fields, Phys. Rev. D 65 (2002) 023517 [astro-ph/0106244].
[34] D. G. Yamazaki and M. Kusakabe, Effects of power law primordial magnetic field on big bang
nucleosynthesis, Phys. Rev. D 86 (2012) 123006 [1212.2968].
[35] M. Kawasaki and M. Kusakabe, Updated constraint on a primordial magnetic field during big
bang nucleosynthesis and a formulation of field effects, Phys. Rev. D 86 (2012) 063003
[1204.6164].
[36] Y. Luo, T. Kajino, M. Kusakabe and G. J. Mathews, Big Bang Nucleosynthesis with an
Inhomogeneous Primordial Magnetic Field Strength, ApJ 872 (2019) 172 [1810.08803].
[37] A. Lewis, CMB anisotropies from primordial inhomogeneous magnetic fields, Phys. Rev. D 70
(2004) 043011 [astro-ph/0406096].
– 14 –
[38] M. Giovannini, Magnetized initial conditions for CMB anisotropies, Phys. Rev. D 70 (2004)
123507 [astro-ph/0409594].
[39] F. Finelli, F. Paci and D. Paoletti, Impact of stochastic primordial magnetic fields on the scalar
contribution to cosmic microwave background anisotropies, Phys. Rev. D 78 (2008) 023510
[0803.1246].
[40] D. Paoletti, F. Finelli and F. Paci, The scalar, vector and tensor contributions of a stochastic
background of magnetic fields to cosmic microwave background anisotropies, MNRAS 396
(2009) 523 [0811.0230].
[41] J. R. Shaw and A. Lewis, Massive neutrinos and magnetic fields in the early universe,
Phys. Rev. D 81 (2010) 043517 [0911.2714].
[42] C. Bonvin, C. Caprini and R. Durrer, Magnetic fields from inflation: The CMB temperature
anisotropies, Phys. Rev. D 88 (2013) 083515 [1308.3348].
[43] Planck Collaboration, P. A. R. Ade, N. Aghanim, M. Arnaud, F. Arroja, M. Ashdown et al.,
Planck 2015 results. XIX. Constraints on primordial magnetic fields, A&A 594 (2016) A19
[1502.01594].
[44] S. Saga, A. Ota, H. Tashiro and S. Yokoyama, Secondary CMB temperature anisotropies from
magnetic reheating, arXiv e-prints (2019) arXiv:1904.09121 [1904.09121].
[45] D. Ryu, D. R. G. Schleicher, R. A. Treumann, C. G. Tsagas and L. M. Widrow, Magnetic
Fields in the Large-Scale Structure of the Universe, Space Sci. Rev. 166 (2012) 1 [1109.4055].
[46] C. Fedeli and L. Moscardini, Constraining primordial magnetic fields with future cosmic shear
surveys, J. Cosmology Astropart. Phys. 2012 (2012) 055 [1209.6332].
[47] J. R. Shaw and A. Lewis, Constraining primordial magnetism, Phys. Rev. D 86 (2012) 043510
[1006.4242].
[48] S. Camera, C. Fedeli and L. Moscardini, Magnification bias as a novel probe for primordial
magnetic fields, J. Cosmology Astropart. Phys. 2014 (2014) 027 [1311.6383].
[49] K. Jedamzik and A. Saveliev, Stringent Limit on Primordial Magnetic Fields from the Cosmic
Microwave Background Radiation, Phys. Rev. Lett. 123 (2019) 021301 [1804.06115].
[50] K. Jedamzik, V. Katalinić and A. V. Olinto, Damping of cosmic magnetic fields, Phys. Rev. D
57 (1998) 3264 [astro-ph/9606080].
[51] K. Subramanian and J. D. Barrow, Magnetohydrodynamics in the early universe and the
damping of nonlinear Alfvén waves, Phys. Rev. D 58 (1998) 083502 [astro-ph/9712083].
[52] K. Jedamzik, V. Katalinić and A. V. Olinto, Limit on Primordial Small-Scale Magnetic Fields
from Cosmic Microwave Background Distortions, Phys. Rev. Lett. 85 (2000) 700
[astro-ph/9911100].
[53] K. E. Kunze and E. Komatsu, Constraining primordial magnetic fields with distortions of the
black-body spectrum of the cosmic microwave background: pre- and post-decoupling
contributions, J. Cosmology Astropart. Phys. 2014 (2014) 009 [1309.7994].
[54] D. R. G. Schleicher, R. Banerjee and R. S. Klessen, Influence of Primordial Magnetic Fields on
21 cm Emission, ApJ 692 (2009) 236 [0808.1461].
[55] S. K. Sethi and K. Subramanian, Primordial magnetic fields and the HI signal from the epoch
of reionization, J. Cosmology Astropart. Phys. 2009 (2009) 021 [0911.0244].
[56] T. Minoda, H. Tashiro and T. Takahashi, Insight into primordial magnetic fields from 21-cm
line observation with EDGES experiment, MNRAS 488 (2019) 2001 [1812.00730].
[57] K. E. Kunze, 21 cm line signal from magnetic modes, J. Cosmology Astropart. Phys. 2019
(2019) 033 [1805.10943].
– 15 –
[58] R. Durrer, P. G. Ferreira and T. Kahniashvili, Tensor microwave anisotropies from a stochastic
magnetic field, Phys. Rev. D 61 (2000) 043001 [astro-ph/9911040].
[59] S. Saga, H. Tashiro and S. Yokoyama, Limits on primordial magnetic fields from direct detection
experiments of gravitational wave background, Phys. Rev. D 98 (2018) 083518 [1807.00561].
[60] Y. B. Zel’dovich and I. D. Novikov, The Hypothesis of Cores Retarded during Expansion and
the Hot Cosmological Model, Soviet Ast. 10 (1967) 602.
[61] S. Hawking, Gravitationally collapsed objects of very low mass, MNRAS 152 (1971) 75.
[62] B. J. Carr, The primordial black hole mass spectrum, ApJ 201 (1975) 1.
[63] B. J. Carr and S. W. Hawking, Black holes in the early Universe, MNRAS 168 (1974) 399.
[64] B. J. Carr, K. Kohri, Y. Sendouda and J. Yokoyama, New cosmological constraints on
primordial black holes, Phys. Rev. D81 (2010) 104019 [0912.5297].
[65] M. Sasaki, T. Suyama, T. Tanaka and S. Yokoyama, Primordial black holes – perspectives in
gravitational wave astronomy, Class. Quant. Grav. 35 (2018) 063001 [1801.05235].
[66] G. Sato-Polito, E. D. Kovetz and M. Kamionkowski, Constraints on the primordial curvature
power spectrum from primordial black holes, 1904.10971.
[67] T. Nakama, B. Carr and J. Silk, Limits on primordial black holes from µ distortions in cosmic
microwave background, Phys. Rev. D97 (2018) 043525 [1710.06945].
[68] T. Nakama and T. Suyama, Primordial black holes as a novel probe of primordial gravitational
waves. II. Detailed analysis, Phys. Rev. D 94 (2016) 043507 [1605.04482].
[69] T. Nakama and T. Suyama, Primordial black holes as a novel probe of primordial gravitational
waves, Phys. Rev. D 92 (2015) 121304 [1506.05228].
[70] K. Ando, K. Inomata and M. Kawasaki, Primordial black holes and uncertainties in the choice
of the window function, Phys. Rev. D97 (2018) 103528 [1802.06393].
[71] S. Young, The primordial black hole formation criterion re-examined: parameterisation, timing,
and the choice of window function, 1905.01230.
[72] I. Musco, J. C. Miller and A. G. Polnarev, Primordial black hole formation in the radiative era:
investigation of the critical nature of the collapse, Classical and Quantum Gravity 26 (2009)
235001 [0811.1452].
[73] T. Harada, C.-M. Yoo and K. Kohri, Threshold of primordial black hole formation,
Phys. Rev. D 88 (2013) 084051 [1309.4201].
[74] C. Germani and I. Musco, Abundance of Primordial Black Holes Depends on the Shape of the
Inflationary Power Spectrum, Phys. Rev. Lett. 122 (2019) 141302 [1805.04087].
[75] A. Escrivà, C. Germani and R. K. Sheth, A universal threshold for primordial black hole
formation, arXiv e-prints (2019) arXiv:1907.13311 [1907.13311].
[76] K. Inomata, M. Kawasaki, K. Mukaida and T. T. Yanagida, Double inflation as a single origin
of primordial black holes for all dark matter and LIGO observations, Phys. Rev. D 97 (2018)
043514 [1711.06129].
[77] A. Barnacka, J. F. Glicenstein and R. Moderski, New constraints on primordial black holes
abundance from femtolensing of gamma-ray bursts, Phys. Rev. D 86 (2012) 043001
[1204.2056].
[78] H. Niikura, M. Takada, N. Yasuda, R. H. Lupton, T. Sumi, S. More et al., Microlensing
constraints on primordial black holes with the Subaru/HSC Andromeda observation, arXiv
e-prints (2017) arXiv:1701.02151 [1701.02151].
– 16 –
[79] H. Niikura, M. Takada, S. Yokoyama, T. Sumi and S. Masaki, Constraints on Earth-mass
primordial black holes from OGLE 5-year microlensing events, Phys. Rev. D99 (2019) 083503
[1901.07120].
[80] P. Tisserand, L. Le Guillou, C. Afonso, J. N. Albert, J. Andersen, R. Ansari et al., Limits on
the Macho content of the Galactic Halo from the EROS-2 Survey of the Magellanic Clouds,
A&A 469 (2007) 387 [astro-ph/0607207].
[81] Y. Ali-Haïmoud and M. Kamionkowski, Cosmic microwave background limits on accreting
primordial black holes, Phys. Rev. D 95 (2017) 043534 [1612.05644].
[82] S. Saga, H. Tashiro and S. Yokoyama, Magnetic reheating, Mon. Not. Roy. Astron. Soc. 474
(2018) L52 [1708.08225].
– 17 –
